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Flows for non-smooth vector fields 
with subexponentially integrable divergence 

Albert Clop, Renjin Jiang, Joan Mateu & Joan Orobitg 


Abstract In this paper, we study flows associated to Sobolev vector fields with subex¬ 
ponentially integrable divergence. Our approach is based on the transport equation 
following DiPerna-Lions lEl. A key ingredient is to use a quantitative estimate of so¬ 
lutions to the Cauchy problem of transport equation to obtain the regularity of density 
functions. 

1 Introduction 

Since the fundamental work by DiPerna-Lions ifTTl . the study of flows associated to non¬ 
smooth vector fields has attracted intensive interest, and has been found many applications in 
PDEs. The problem can be formulated as follows. Given a Sobolev (or more generally BV) vector 
field b : [0, T] x R.” —> R.”, does there exist a unique Borel map X : [0, T] x R" —> R”, such that 



(1.1) 


for a.e. x € R”? If this ODE is well-posed, then how about the regularity of the solution XI 


In the seminal work by DiPerna and Eions IfTTl . the existence of flows for Sobolev velocity fields 


with bounded divergence was established. Their main ingredient was a careful analysis of the well 
posedness of the initial value problem for the linear transport equation, 



(1.2) 


In their arguments, the notion of renormalized solution was shown to be essential. Eater, Am- 
brosio HI extended the renormalization property to the setting of bounded variation {BV) vector 
fields, and obtained the non-smooth flows by using some new tools from Probability and Calculus 
of Variations. Crippa and De Eellis 1(141 used a direct approach to recover DiPerna-Eions’ theory; 
see also Bouchut and Crippa Q. Recently, in lO, Ambrosio, Colombo and Eigalli developed 
a purely local theory on flows for non-smooth vector fields as a natural analogy of the Cauchy- 
Eipschitz approach. 
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Continuing our previous work about the transport equation ifTOll . in this paper we are concerned 
with the existence of flows for Sobolev vector fields having sub-exponentially integrable diver¬ 
gence. Let us review some developments in this spirit. In lIT^ . Desjardins showed existence and 
uniqueness of non-smooth flows for velocity fields having exponentially integrable divergence. 
Later, Cipriano and Cruzeiro Q analyzed the flows for Sobolev vector fields with exponentially 
integrable divergence in the setting of Euclidean spaces equipped with Gaussian measures; see ||6l 
for related progresses in Wiener spaces. 

As already noticed in ||9l|6l, when the divergence of the velocity field is not bounded, the solu¬ 
tion X{t, ■) of equation (11.11) still induces a quasi-invariant measure. This motivates the following 
definition. 

Definition 1.1, Let b : [0, TjxR” be a Borel vector field, and X, X : [0, r]x[0, rjxR.” —> R” 

be Borel maps. 

(i) Wfe say that X is a forward fiow associated to b if for each s e [0, T] and almost every x € R" 
the map t \b{t, X{s, t, x))\ belongs to L}{s, T) and 



We say that X is a backward fiow associated to b if for each t € [0, T] and almost every 
X e R” the map s i—> |Zi(s,X(5', t, x))\ belongs to L'(0, t) and 



(a) We say that X is a regular fiow associated to b if: 

1. X is either a forward or a backward fiow associated to b; 

2. for Q < s < t <T the image measure X{s, t, •)# dx is absolutely continuous with respect 


to the Lebesgue measure dx. 


(Hi) We say that a forward fiow X associated with b has the semigroup structure if for all 0 < 
r < s < t < T, it holds that 

X{s, t, X{r, s, x)) = X{r, t, x), a.e. x € R". 

We say that a backward fiow X associated with b has the semigroup structure if for all 
0<r<s<t<T,it holds that 


X{r, s,X{s, t, x)) = X{r, t, x), a.e. x € R”. 


In this paper, we study regular flows as defined above. As in ||9l, in our arguments sometimes it 
will be convenient to replace the Lebesgue measure dx by the Gaussian measure p on R", i.e.. 
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The distributional divergence of a vector field b with respect to the measure jj. is then defined via 

<^\v^b{x) = div b{x) - x ■ b{x), V x € R”, 

that is, div^ is the adjoint of the gradient operator with respect to the measure fi. This opera¬ 
tor appears to be useful, among other reasons because it commutes with the Ornstein-Uhlenbeck 
smoothing semigroup |l9j|3. 


Our main result deals with existence and uniqueness of a regular flow for non-smooth vector 
fields with subexponentially integrable divergence. Due to the scheme of the proof, we found it 
convenient to state it in two steps. First, for all 5 > 0, we state the existence and uniqueness of 
a flow for which all t-advance maps X{s, t, •) leave the Gaussian measure quasi-invariant, together 
with a quantitative estimate of this fact. Secondly, we state that the Lebesgue measure is also 
quasi-invariant, so that the flow we have found is indeed a regular flow. Moreover, we also state 
the semigroup structure of the flow. The precise statement is as follows. 

Main Theorem . Let Z? € L^(0, T; satisfying 


(1.3) 


\b{t, x)\ 

l + Wlog+(W) 


eLi(0,r;L“), 


and 

(1.4) div^Z7 € |o, T ; Exp^ (b^)) ’ 

Then the following statements hold. 


(a) There exist a forward flow X{s, t, x) and a backward flow X{s, t, x), associated to b, which 
are unique in the sense that, for 0 < s < t < T: 

(i) X{s,t,X{s,t,x)) - X{s,t,X{s,t,x)) = X, a.e.x € R”; 

(ii) the image measures X{s, t, ■)#diJ. and X(5, t, f^td/j. are absolutely continuous with respect 
to dp, and 

-div/j b{r, X{r, t, x)) r/r| € L^’^ip) for every 0 < a < ao(i', t), 

divp b{r, X{s, r, x)) r/r| e L'^‘‘(p) for every 0 < a < ao{s, t), 

where 0„(r) = r exp{[log+(r)]“) and ao{s, t) = exp |-16e^ £\\div^b{r, Ollexp^c^) ■ 

(b) The unique flows X(s, t, x) and X(s, t, x) given in (a) are regular and have semigroup struc¬ 
ture. 


— {Xis, t, ■)#dp) = exp 
dp 


I 


(X(s, t, ■)#dp) = exp 
dp 


I 
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It is worth mentioning here that, under condition (11.31) . the assumption (11.41) is equivalent to 

Concerning the optimality of (11.41) . it was proven in ifTOl Section 6] that for every y > 1 there 
exists a velocity field b with 

(1.5) diY6€Z.'(o,r;Exp,(j^jj 

for which (11.11) admits infinitely many solutions X satisfying (i) and (iii) in Definition 11.11 How¬ 
ever, we do not know if (11.51) is sufficient or not to guarantee existence and uniqueness of solutions 
X satisfying (i), (ii) and (iii) in Definition ll.il 


Towards the proof of the Main Theorem, the main ingredient is the following a priori quantitative 
estimate for the density function ^ {X{s, t, ■)#dp). 

Theorem 1.2. Let bit, •) € C^(R”) for each t € [0, T] and satisfy (11.31 ) and (11.41 ). Then for 
0 < s < t < T, there exists a unique flow Xis, t, x) such that 

dX(s, t, x) 

--- =bit,Xis,t,x)), Xis,s,x) = x. 

ot 

Moreover, for 0 < a < exp |-16e j^^yS(r)dr|, yS(r) = l|diVpZ7(r, OIIexp density function 

Ks,tix) = ^{X{s, t, x)#dp) belongs to L'^'^ip), and satisfies 


( 1 . 6 ) 



(^aiKsjix)) dpix) < C(a, 5, t, div^ b). 


Such estimate is established by means of a quantitative bound for solutions to a Cauchy prob¬ 
lem for the transport equation; see Theorem 12.31 below. The use of this quantitative bound gives 
a natural estimate of the density function. Moreover, as a byproduct, our proof improves the inte- 
grability of the image measure X{s, t, ■)#dp when Aiv^b is assumed to be exponentially integrable; 
see Theorem 13 .1 1 below and ||9j|6l. 


As it was for DiPerna and Lions scheme, well-posedness of the Cauchy problem (11.21) is an es¬ 
sential tool in our arguments. For Sobolev vector fields b salisfying fhe classical growfh condition 
M eL'(0,r;L') + LH0,r;L“)and 

divZi € L*(0, T; L“) + L‘(o, Exp(jj, 

fhe well-posedness of (11.21) in L°° was esfablished in ifTOl Theorem 1]. Unfortunately, our Main 
Theorem does nol cover fhe assumpfion e T^(0, T; L^), and indeed we do nol know if a flow 
does exisf in fhis case. However, fhe assumpfion on div b in fhe Main Theorem (also in Theorem 
l2.2l below) is less resfricfive fhan if was in ifTOl Theorem 1]. In ofher words, our Theorem 12 .2 1 abouf 
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the well-posedness of (11.21) in L°° slightly improves ifTOl Theorem 1]. A similar situation is given 
in Theorem 12.41 see Section 2 for details. 

From the result by Ambrosio-Figalli it looks like our requirements on the growth condition 
on b are somehow natural. Since the image measure X{s, t, is only slightly beyond in- 
tegrable, and to guarantee b{t,X{s,t, x)) € L^(5, T; ), we need to require that b has at least 
exponential integrability. 

The paper is organized as follows. In Section 2 we present the quantitative estimate of solu¬ 
tions to the transport equation (Theorem 12.31) . and in Section 3, we use such estimate to deduce a 
priori estimate of the density function (Theorem ll.2l) . In section 4, we give the proof of part (a) of 
the Main Theorem. In the final section, we prove part (b) of the Main Theorem and give a stability 
result concerning the flows. Thr'oughout the paper, we denote by C positive constants which are 
independent of the main parameters, but which may vary from line to line. 

2 Well-posedness of the transport equation in the Gaussian setting 

We will need to use some Orlicz spaces and their duals. For the reader’s convenience, we recall 
here some definitions. See the monograph 1191 for the general theory of Orlicz spaces. Let 

P : [0, oo) [0, oo), 

be an increasing homeomorphism onto [0, oo), so that P(0) = 0 and lim,_,oo Pit) = oo. The Orlicz 
space is the set of measurable functions / for which the Luxembourg norm 

\\f\y - inf |t > 0 : dx < l| 

is finite. In this paper we will be mainly interested in two particular families of Orlicz spaces. 
Given r,s>0, the first family corresponds to 

Pit) = t (log+ tY (log+ log+()^, 

where log'*' t max{l,log t]. The obtained LF spaces are known as Zygmund spaces, and will be 
denoted from now on by L log'^ L log^ log L. The second family is at the upper borderline. For 
y > 0 we set 

(2.1) P(()-expi- ^—l-l, t>0. 

Ulog^O^i 

Then we will denote the obtained by Exp(j^^). If y = 0 or y = 1, we then simply write ExpL 
and Exp(j^|j), respectively. Eor each a > 0, throughout the paper, we denote by Oq. the Orlicz 
function 


( 2 . 2 ) 


O„(0 ^ (exp|(log+ 


?> 0 . 
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When changing the reference measure from Lebesgue measure to the Gaussian measure, we will 
simply add fi to the notions of the spaces, as L log L log log L(//), Exp^ (iSgl)’ 


The following lemma can be proved in the same way as ifTOl Lemma 11]; see also ifT^ . 
Lemma 2.1. (i) If f € L log L log log L(/i) and g € Exp^(j^^) then fg € L^(p) and 


( l/WgWI d^i < 2\\f\\L\ogL\og\ogL(^l) II^IIexp 

Jr" ' 


’/jllogi) 


(ii) If f e Clog L(ju) andg € Exp^(L) then fg € L'(yu) and 



\f{x)g{x)\dn < 2||/||LiogL(^) llgllExp^(L)- 


In this section we present a well-posedness result for the initial value problem for the transport 
equation in L°°. This is a new result, which neither contains ifTOl Theorem 1], nor is contained in 
it. In order to state it, we write the transport equation in the Lebesgue case as 


(2.3) 


and in the Gaussian case as 
(2.4) 


A+6.V„ = 0 

ot 

(0, T) X dx. 

m(0, •) = Uq 

W. 

dll,— 

-t- b -Vu - 0 
ot 

(0, T) X dp, 

m( 0, •) = Mo 

R". 


A function u € L^(0, T; ) is called a weak solution to (12.31) if for each (p € C“([0, T) x R”) 
with compact support in [0, T) x R” it holds that 



dtp , , 

u — dxdt 
dt 




udiv{b(p)dxdt = 0. 


We also say that the problem (12.31 ) is well-posed in L“(0, T-,L°°) if weak solutions exist and are 
unique, for any uq € L“. 


Weak solutions of the transport equation (12.41) can be defined in a similar way. A simple ob¬ 
servation is that a function « € L°°(0, T; L°°) is a weak solution of (12.31) if and only if it is a weak 
solution of (12.41) . Indeed, if u e L°°(0, T ; L“) is a weak solution of (12.31) . and p e C“([0, T) x R") 
is a test function, then exp(-|xp/2) e C“([0, T) x R”), and so we can conclude that 


f f u^dpdt- I uop(0,-)dp- f f ufpdiVfjb-t-b ■'Vp) dp(x)dt = 0. 
Jo Jr" dt Jrii Jo Jr" ' ' 


Eor the converse, we only need to use exp(|xp/2) € C“([0, T) x R") as a test function. 


We now present our well posedness result for the transport equation in the Gaussian setting. 
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Theorem 2.2. Let T > Q. Assume that b e L'(0, T; satisfying (11.31) and (11.41) . Then for 
each uq € there exists a unique weak solution u e L°°(0, T ; L°°) of the Cauchy problem for the 
transport equation (12:4]) . 

Proof Existence of solution follows immediately from ifTTl Proposition 2.1], while uniqueness 
will follow from the following stability estimate, Theorem 12.31 □ 


The proof of the following two theorems is similar to ifTOl Theorem 5], so the proof will be 
omitted. 

Theorem 2.3. Let T,M > 0 and I < p < oo. Suppose that b € L^(0, T; ) satisfies (11.31) and 
(11.41) . Let e € (0, 5 exp(-e®’^^)) satisfying 


exp < - exp 


jexp I 


log log log 


1 

--32e 
e Jo 


/3{s) r/5 [>[>[>< - exp(-e"+"). 


where Pit) = ||diVpZj(t, Oll^xp Then for each uq € L°°{p)with\\uQ\\ij^{jq < M and\\uQ\\^jj,^^-^ 

the transport problem dZl has a unique solution u € L°°{0, T ; L°°), moreover it holds that 


< e, 


log log log 


\\<T, 


log log log 


INoll 


LPiti) 


■1 


< 16e I fi{s)ds. 


Theorem 2.4. Let T,M > 0 and I < p < oo. Suppose that Z? e L'(0, T; ) satisfies 


\b{t, x)\ 

l + Wlog+(W) 


€ l\o,t-,l°°) + l\o,t-,l^) 


and 

(2.5) 

Let e e (0,1 je) such that 


AhifJj € L} (o, T ; Exp^ (L)) . 


exp < - exp < log log 


i-sf 

e Jo 


Pis) ^ ^ < 


lie + Mf 


where Pit) = ||divZ7(t, OIIexp^cl)- Then for each uq e L°°(p) with ||no||L~(;j) < M and \\uo\\lp(j,) < L 
the transport problem (12.41) has a unique solution u € L“°(0, T ; L°°), moreover it holds that 


log log 




log log 




X 


<4 I p{s)ds. 




















A. Clop, R. Jiang, J. Mateu and J. Orobitg 


3 A priori estimates of the Jacobian 

In this section, we give a priori estimates of the density functions when we assume that the 
vector field is smooth. Recall that Oq,(5) = 5 exp {[log'*'( 5 )]") is given in (I2.2I) . 

Proof of Theorem [L2\ The existence and uniqueness of the flow is an immediate consequence of 
the assumption that b{t, •) e C^(R”) for each t € [0, T] and satisfies 


\b{t, x)\ 


1 + |x| log+ |x| 


€L\0,r;L“). 


Moreover, the forward flow associated to b, X{s, t, x), is locally Lipschitz for each 0 < s < t < T. 
See Hale ifTSl for instance. 

Let us estimate the density function. Obviously, it holds that 


/ 

Jr" 


Ks^t{x)diuix) ^ I dju(x) = 1, 


f 

JR" 


i.e., ||Ai,?|lz,i(/j) = 1 for each t € [ 5 , T]. As a consequence. 


/u((x : Ksj{x) >/!))<- 


for all d > 0 and t € [ 5 , T]. 

Let A:o € N be large enough such that 


exp •{ - exp exp \ log log log 2^“ - 32e j y6(r) ‘^^||| ^ ^ 
where/?(r) ^ \\divMr, OIIexo (-'-)■ Obviously, only depends on ||div.Z7(r, OIIexd <^y 

r’uVlog/.-' HoVlngAZ 


f 




t'/JMogZ. 




Fix 0 < sq < to < T. For each k > ko, let 

Ek^lxeR": 2 *^-' < K,^j^{x) < 2 ^}, 

and Ukix) - XE^ix), where denotes the characteristic function of the set E. Then Uk e L'f/i) n 
L“0u) with WukWu-tji) < 1 and 

Claim: u{s, x) := Uk{X{s, to, x)) is the unique solution in the Gaussian setting to the backward 
equation 

f du 

\ — + b ■ Vu - 0 (0, G) X dp, 

os 

[u{to,-) = Uk R". 

Proof of the Claim: Let ip e C“((0, G] x R”) be a test function. Since b{t,-) e C^(R”) for each 
t € [0, T], we know that the density function satisfies 


(3.1) 


Ks^fx) = exp 




div„ b{r, X{r, t, x)) dr >, 


where 


X{s, t,x) - X- I b{r, X{r, t, x)) dr 
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is the inverse map of X{s,t,x)\ see 0 Theorem 2.1] or Q. By using change of variables and 
integration by parts, we obtain that 

f'" r dip r‘° r dw{s,x) 

I I u — dfids-\ I Uk{X{s,to,x ))—-- djids 

Jo Jr" ds Jo Jrk ds 


= r f 

Jo Jr" 


ds 


z=X(s,to,y) 


Ks^to(y)dpids 


ukiy) 


dip{s,X{s,to,y)) 

ds 


- V(p{s, X{s, to, y)) ■ b(s, X{s, to, y)) 


Ksjg(y)dnds 


-ff 

Jo Jr" 

= f Uk(p{to,-)dii - f f Uk{y)ip{s,X{s,to,y))K,^ta(yW'i^b{s,X{s,to,y)) d^idt 
Jr" Jo Jr" 

-f f Uk(yW‘fi(s,X(s,to,y)) ■ b(s,X(s,to,y))Ksjg(y)djuds 
Jo Jr" 

= I Uk ip{to, ■) dpL - I I Uk{X{s,to,x))\ip{s,x)dLi\^b{s,x) + Vp{s,x) ■ b{s,x)\ dpids, 
Jr" Jo Jr" ^ ^ 

which verifies the Claim. Above, in the third equality, we have used that dX{s,t,x)lds = 
b{s,X(s, t,x)) and 


d(p{s,X{s,to,y)) dip{s,z) 


ds 


ds 


z=X{s,to,y) 


+ Xip{s,X{s,to,y)) ■ b{s,X{s,to,y)). 


By Theorem |23] and the choose of ko, we find that for each s e [0, to] it holds 


log log log 


Olboi) 


which implies that 


■I 


exp <-l6e I y6(r) dr> < 


- log log log 


log log 


\\Uk\y 


(M) 


■X 


< 16e mdr. 




log log 


WiikW 


iL'Oi) 


<exp<16e I p{r)dr 


r 


Hence, we can conclude that 

^ ^exp{-16e f^°/t(r)drj 


log 


The choose of u implies that 


< log 


1 


< log- 


1 


= I Kso,to(x)dti(x), 
JEu 


exp{l6e Pir) dr] 


log 


^ £°P{r)dr^ 


l^iEk) 


< log 


1 ,1,1 

- log + log 


2*^-V(£l) 2^- 


l^iEk) 


and hence. 
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A direct calculation gives 


log^ > log2‘-+ 

Therefore, we can conclude that, 

M£*) S exp {- log 2 ‘-' - [l„g2‘-']“T‘‘'C««‘'‘l| < ^ exp {- (l„g2‘-')“"|-">'C«'>'*l|, 
For an arbitrary a e (0, exp |- 16e /3{r) r/r|), we have that 


J 

Jr" 

<-f 

JR" 


Kso,toix) expUlog"^ 


exp{[log^ d^i{x) + 


Lo-iffi 


k>ko 


2'exp{[log+(2'=)]“)r/M^) 


< 


2'^ exp{[log+ 2*^0]“) + J] KE,)2’^ exp{[log+(2'^)]" 


k>ko 


< 


2^0 exp{[log+ 2*^0]") + ^ 2exp i [log+(2*^)]“ - (log2^“i)' 

k>ko ^ 

< C(a, so,to,diVf,b). 


^_lxexp{-16eX'«/3(r)rfr} 


This completes the proof. □ 

In the same way, using Theorem l2.41 we can prove the following quantitative estimate for vector 
fields with distributional divergence in Exp^(L). 

Theorem 3.1. Let b{t, ■) e C^(R")for each t e [0, T] such that 


\b{t, x)\ 

1 + |x| log+ |x| 


€ L\Q,T\Lr), 


and Aiv^b € L^(0, T ; Exp^(L)). Then for 0 < s < t < T, there exists a unique flow X{s, t, x) such 
that 


dX{s, t, x) 
dt 


= b{t,X{s, t, x)). 


Moreover, for Q < s < t < T and each p € [1, 


l-exp(-4 dr) 


),/3(r) = ||div^Z7(r, OIIexp^cl), the 


density function Ksflx) = j^{X{s, t, x)#dp) belongs to LP{p) and satisfies 



[KsflxflP dp{x) 


< C{p, s,t,di\b). 


Remark 3.2. Our method to prove the integrability of the density functions yields a sharper esti¬ 
mate than those from |l6l[l5l|9l. It is worth to note that our proof yields that integrability of the 
density functions has some semigroup property, which is natural. 
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4 Flow in the Gaussian setting 

In this section, we will prove part (a) of the Main Theorem. To do this, let us recall the Ornstein- 
Uhlenbeck semigroup Pg. For each 5 > 0 and / € Psfix) is defined by 

PJ{x)= f f(e~'x -H Vl - e-^^y)dp{y). 

Jw' 

Among other properties of the semigroup P^, we will need the following: 

(i) diVf, (Psb) ^ e^PsidiVf, b). 

(ii) For each p e [1, 00 ], it holds 

\\Psf\\D’(ji) < WfllD’Qi)- 

(hi) For each convex function O on [0, 00 ), 0(0) = 0, lim, 5 ^oo it holds that 

ll-f’i/llL'l’Ou) ^ II/IIl*0u)- 


The first two properties can be found from Bogachev IH, and the third one is a consequence of (ii) 
and Jensen’s inequality. Indeed, Jensen’s inequality and the LFboundedness of P^ imply 


f f 

JR" 1^7 Jr" Jr" 


O 


f{e ^x+ Vl - e~^^y)'' 


A 


dn(y) dn{x) < 



We will use the transport equation theory by DiPerna-Lions ifTTl and follow some methods 
used by Cipriano-Cruzeiro |[9l. Due to the fact that the divergence of the vector is only sub- 
exponentially integrable, we need to overcome some technical difficulties. 

In what follows, we will always let 7? e L^(0, P; that satisfies 


\b{t, x)\ 

1 -F |x| log+ |x| 


€Li(0,r;L“), 


and div b € O{0,T‘, Exp^(j^|^)). If follows by an easy calculafion fhaf 


div^ b - div b - x ■ b e io,T‘, Exp 


logL 


Eor each e > 0, lef b^ - P^b. 


Lemma 4.1. For each e > 0, Pf^b e satisfies 

\PMt, x)\ 

1 -F |x| log+ |x| 


€LH0,P;L“). 
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Proof. By making change of variables, we see that 
Peb{t,x) = 


•= I. “P {'T 

/ 

Jr' 


dy 


b{t, z) exp < - 


\z-e ‘^x\ 


(27r)”/2(l _ e-2£)n/2 

Then it is obvious that Peb{t, x) € C°°(l.") for each ? > 0. To see that 

Peb{t, x) 


2(1 - 


dz- 


1 + |x| log+ 1x1 

it suffices to show that for each t > 0 


€L‘(0,r;L“), 


Pebit, X) 

< r 

b{t, x) 

1 + |x| log+ |x| 

_ ^ 

L” 

1 + |x| log+ |x| 


By the fact log(a + b) < log a + log b for a,b >2, we see that 

\PMt 

Jr" 

h(t -tie 

(1 + |z| log |z|) 


■ - L exp 

/ 

X. JR" 


l + |-|log^ 


z=e~‘^x+ Vl-e ^‘y 


dp{y). 


where 


f 

JR'' 


(1 + k|iog+ |z|) 


z=e^''x+ Vl-e 


f 

JR 


dii(y) < C(1 + |x| log^ |x| + |y| log^ |y|) r//r(y) 


<C(l + Wlog+|x|), 

where C does not depend on e. The proof is completed. □ 

Therefore, for each e > 0, it follows from Lemma |4T] that satisfies fhe requiremenfs from 

Theorem 1 1 ■ 2 1 uniformly in e. Denofe by X^(s, t, x) fhe unique flow arising from fhe equafion 


dXe(s, t, x) 
dt 


^ be{t,X^{s, t, x)). 


Denofe by Ks^t eix) fhe densify function of Xf;{s, t, •)# r/yu. The exisfence of fhe flow X{s, t, x) will 
follow by esfablishing an accumulafion poinf of {Xf(5, t, x)}^ via fhe following several steps. 

Given a sequence Xk of funefions defined on some measurable space {.Jf, v) wifh values in a 
Banach space ^ (endowed wifh fhe norm || • ||), we say fhaf X^ converges fo X in L°(y) if for each 
fixed y > 0 if holds 

v({x € : \\Xk{x) - X(x)|| > yl) —> 0, as k —> cxj. 

In whaf follows, lef £} be fhe one dimensional Lebesgue measure. 
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Lemma 4.2. Let 0 < s < t < T. There exist a subsequence {ejtkgN tind a Borel map X{s, t, x) such 
that: 


(i) Xf;i_{s, ■, •) converges to X{s, ■, ■) as k oo, both in LP{£} X p) and almost everywhere on 
[s, T] X R”. 


(ii) For each fixed t € [ 5 , T\ X^fis, t, •) converges to X{s, t, ■)ask 00 , both in LP(jj) and almost 
everywhere on R”. 

Proof. Let yS be a continuous and bounded function on R. Denote X'^{s, t, x) the /-th compo¬ 
nent of t, x). Then fi{X‘fis, t, x)) and fiiX'fis, t, x))^ are bounded sequences in L°°{s, T ; L°°). 
By the weak-* convergence of L°°{s, T\L°°), we see that there exists a subsequence eu such that 
fi{X'^fs,t,x)) and /3{X‘^fis,t, x))^ converge in weak-* topology of L°°{s,T-, L°°} to and w^, re¬ 
spectively. 

On the other hand, fi{X‘^{s, t, x)) and fi{X‘fis, t, x)fi are bounded solutions to the transport equa¬ 
tion corresponding to the final values fi{xi) and fi{xif-, respectively; see the proof of Theorem 

O 

By using the well-posedness of the transport equation, Theorem 12.21 and the renormalization 
property of solutions in L°°{s, T-,L°°) (cf. ifTTl [Hi. we can conclude that and are bounded 
solutions to the transport equation with vector fields b corresponding fo fhe initial values fi{xi) and 
fiixif, respectively, and Iherefore = w^. 

Then, by fhe facl 1 € L^{p), we can conclude fhaf for each t e [ 5 , T] if holds 

(4.1) lim f [jB(X^(s,t,x))-vLfdp = 0. 

k-iOO Jg_„ 


Now we prove fhaf fhe arbifrariness of fi implies fhaf X‘^fs, t, x) converges in measure fo some 
function X\s, t, x). Indeed, by Lemma |4~T] we have fhaf 


\b^it, x)\ 




1 -F |x| log |x| 

and hence, bf;{t,x) € L'(0, T; Exp^(L)), while by Theorem 1 1.21 and L^‘^(p) c L\ogL(pi) for any 
cr > 0, we see fhaf € L“(0, T ; L log L{p)). These fogefher wifh Lemma |2T] imply fhaf 




T.h‘X 
LI.' 


be{r, X^{s, r, x)) dr 


dp{x) 


<C + 


\be{r, x)\ Ks^r.eiX) dp dr 


<C + 2 r ll^ellExp^(L)ll-^i,r,ellLlogL{/j) tlr 


< c. 


i.e., Xf^fis, •, •) e L°°(s, T ; L^{p)), and X^fs, t, •) € L^{p) for each t, uniformly in e. 

Denofe by v fhe producf measure X' x ju on [ 5 , T] x R". Given a fixed 7 > 0, for each d > 0, 
fhere exisfs an M > 0 such fhaf for all e^. 


v{{(t,x) : \X^fis,t,x)\ > M]) < 6. 
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On the other hand, let Pm £ C’(R, R) such that Pm '■ R [-2M, 2M] and /JmCO - t for all |t| < M. 
Then from (14.11 ) we see that there exists € N, such that for all k, j > ko, it holds that 

v({(t, x) : \X[^{s, t, x) - t, x)\ > yl) < v({(t, x) : t, x)\ > M}) 

+ v{{{t,x) : \X'^.{s,t,x)\ > M}) 

+ v({(t, x) : Pm{X'^,^{s, t, x)) -Pm{X\.{s, t, a:))| > y)) < 3d 

and so we can conclude that {X'^Jk is a Cauchy sequence in measure. Therefore, X'^^{s,t,x) con¬ 
verges in measure to some function X'{s, t, x). 

Passing to a further subsequence if necessary, we can conclude that X^i^{s,t,x) converges in 
L°(X' X jj) and almost everywhere to X{s, t, x) on [x, T] xW. Moreover, it follows that for each 
t € [x, T], Xf^i^is, t, x) converges in L^Qj) and almost everywhere to X{s, t, x). □ 

Lemma 4.3. Let A( 5 , t, x) be as in Lemma \4^ Under the assumptions of the Main Theorem, for 
each 0 < s < t < T, the image measure X{s, t, ■)#dp is absolutely continuous with respect to p. 
Moreover, the density function Ksj{x) = ■^{X{s,t,x)#dp) belongs to the Orlicz space L^‘’{p)for 

each 0 < a < exp |-16e^ f!where p{r) = ||div^d(r, OIIexp ( r y 

Proof Since = P^b, by the property of the Ornstein-Uhlenbeck semigroup, we see that for each 
e < 1 and each t € [ 5 , T], it holds 


l|div^^,(t,-)llExp^(^) < e||div^d(t,-)llExp^(4^)- 

For each t € [x, T] and each 0 < a < exp |-16e^ ^^/3(r)dr|, by Theorem 11.21 we see that the 
density function of Ksj^fx) = ^{X^is, t, x)#dp) is uniformly bounded in Therefore, there 

exists a subsequence {e,(.) and Ks t e L'^'^iju) such that 

- K,, in 


i.e., weakly converges to Ksj in L^^^p). 

Finally, for each compactly supported continuous function \fj, we see that 


/ 

Jr" 


il/{X{s, t, x)) dp{x) - 


= lim r 

L-soo J^n 

im r 

Jr" 


ipiX^fs, t, x)) dp{x) 


- lim 


\]/{x)Ks^t,ePx) dp{x) ^ I f(x)Ksj{x)dpix), 


f 

Jr" 


as desired. 


Lemma 4.4. Let X(s, t, x) be as in Lemma \4~2\ Under the assumptions of the Main Theorem, for 
each open set E with sufficient small p-measure, it holds that for 0 < s < t < T 


log log log 


1 


j^nXEiXis, t,x))dp 


> log log log 


1 


p{E) 


16 a 


f 


P(r) dr. 
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Proof. Since E is an open set, by the a.e. convergence of t, x), it is easy to see that 
liminf;t"£(Xej(5, t, x)) > xe{X{s, t, x)), a.e. x € R”. 

k—^oo 


Therefore it follows from Fatou Lemma that 


/ 

Jw- 


Xe{X{s, t, x)) dp 


Jr" 


lim mf XE{Xe^{s, t, x)) dp < lim inf XE{Xe^{s, t,x))dp. 


k-^oo 


k-~*oo 


■f 

JR" 


Since 


lldlVpZjfllExp^(^) < c||dlV^Z7||Exp^(^), 

by Theorem l2.3l we know that for each k, it holds 


log log log 


t,x))dp 


- log log log 


p{E) 


< I6e‘ 


I 


y6(r) dr, 


which together with the last estimate completes the proof. □ 

Lemma 4.5. Let X{s, t, x) be as in Lemma l?72l Under the assumptions of the Main Theorem, for 
each measurable vector field E : [5, T] X R” 1— > R”, it holds 

E{t, X,^{s, t, x)) ^ E{t, Xis, t, x)) in l\£^ x pf 

and for measurable function F : R” 1 —> R”, it holds for each t € [ 5 , T] that 

E{X,fs, t, •)) ^ E{X{s, t, •)) in L%). 


Proof. We only prove the second statement, since the first one can be proved in the same way. By 
the Egorov Theorem, for each d > 0, there exists a measurable set Eg such that //(R” \ Eg) < 6 and 
E is uniformly continuous on Eg. 

On the other hand, by using the Egorov Theorem again and the fact t, x) converges in 
measure to X{s, t, x), we find that there exists Eg such that /r(R” \ Eg) < 6 and t, x) converges 
uniformly to X{s, t, x) on Eg. 

Therefore, for a fixed constant c. 


p {{x : t, X)) - EiXis, t, x))| > c)) 

< p{R" \ Eg) + p{[x : X{s, t, X) € R" \ Eg]) + p{[x : X,^{s, t, x) e R" \ Eg]) 

+p ({x e Eg,X^^{s, t, x), X{s, t, x)e Eg : t, x)) - E{X{s, t, x))\ > c}). 

Notice that by Theorem 12.21 we have that 

i I 1 

p{[x : X^^{s, t, x) e R" \ Eg]) < exp j - (log -1 1 

uniformly in k, and by Eemma|4j4] 


p{[x : X{s, t, x) e R” \ Eg]) < p (|x : 


X{s, t, x) e R" \ F,?!) 


< 


exp - 


log 


.^xexpj-CX'/tWA-n 






16 


A. Clop, R. Jiang, J. Mateu and J. Orobitg 


where R" \ is an open set containing R" \ satisfying 

K^^Es) < 2//(R" \ Es). 

By choosing large enough k, we have 

/I ({v € Es, t, x), X{s, t, x)e Eg : |F(Xej(5, t, x)) - E(X{s, t, a))| > c}) = 0. 

Therefore, for each y > 0, by choosing sufficiently small 6, we see that there exists ky, such 
that for each k > ky, it holds 

/I {{x : |f t, x)) - E{X{s, t, a:))| > c)) < y, 

which completes the proof. □ 

Under the assumptions of the Main Theorem, for 


Lemma 4.6. Let X{s, t, x) be as in Lemma 
Q<s<t<T,we have 


A(5, t,x) - x + 

for a.e. x € R". 

Proof It suffices to prove that for each s € [0, T), 


b(r,X(s,r, 


x)) dr 


If 


Ib^fr, X^fs, r, x)) - b{r, X{s, r, a:))| drdp^O as ejt ^ 0. 


Write 


If 


< 


lbe),(r,Xe^(s, r, x)) - b(r, X(s, r, x))l dr dp 
T 

Ib^fr, X^fs, r, x)) - b{r, X^fs, r, v))| dr dp 
T 


If 


\b(r, Xf,fs, r, x)) - b{r, X{s, r, v))| dr dp =: 1 + 11. 
By Theorem 1 1.21 and Lemma [2Tl we see that 

/< I I \b^fr,x)-b{r,x)\Ks^r,eM)^^^P 

Jr" Js 


— J' 2||Zlfj(r, •) •)llExp^(L)ll-^i,r,6illLlogL(/i) ^ k 

On the other hand, by applying Lemma 1431 we find that 

b{r, X^fs, r, x)) b{r, X{s, r, x)) 
a.e. in {s, T) x R". Let bM '■= min{max{fi, -M), M], Notice that 


OO. 


If 


lbM(r,X(s,r,x))ldrdp 


^ff 


lbM(r, X^^(s, r, x)) - bmih X{s, r, x))\ dr dp 
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+ 


If 


\bMir,X^^{s,r,x))\drdi^. 


By using the fact X^i^(s,t,x) converges to X{s,t,x) a.e. on [ 5 , T] x R", we apply the dominated 
convergence theorem and Theorem [L2] to conclude that 


If 


\bM{r, X(s, r, v))| dr dfi < lim inf 


iminf f f 

JR" Js 


< lim inf f f 

Jr" Js 


lbM(r,X^^(s,r,x))ldrdju 


lb(r, x)IKs^r,£t(x) dr dM 


< lim inf 

k—^oo 


< C{b) < 00, 


J" \\b{r, •)llExp^(jj|^)ll'^Vf,e*rllt.logLloglogL(/j) dr 


where in the last second inequality we used Lemma ITT] and the fact c L log L log log L(/i) 

for any a > 0. We therefore see that b{r,X{s, r, x)) € L^(s, T ;//), and 


II 


< f riHr, 

JR" Js 

*LI 
*LI 


X^^(s, r, x)) - bM{r, X^^{s, r, v))| dr d^i 


\b{r, X{s, r, x)) - bM{r, X{s, r, v))| dr dp 


{\bM{r, Xe^{s, r, x)) - bmir, X(s, r, v))|) dr dp 


= -. Ih + III + Ih- 

For each y > 0, we can choose M sufficient large such that II\ +II 2 < yl2. Applying the dominated 
convergence theorem to 7 / 3 , we see that 


7/3 0 d&k ^ 00. 


Hence, we obtain that 

lim I I \b{r, X^^^is, r, x)) - b{r, X{s, r, x))\ dr dp = 0, 

Jr« Js 

which together with the fact t, x) —> X(5, t, x) a.e., implies that 

A( 5 , 1 ,x) = X + J' b{r, X{s, r, x)) dr, p - a.e. 


The proof is completed. 


Applying the above results of this section to the backward flow instead of the forward flow, we 
can conclude that under the assumptions of the Main Theorem, there exists a Borel map X{s, t, x) 
arising as a limit of a sequence of smooth flows t, x), given as 




e^{s,t,x) = 




be^ir, XfjCr, t, x)) dr. 


(4.2) 
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such that for each s e [0, t], it holds 

(4.3) A(5, t, x) - X - J" b{r, X{r, t, x)) dr, a.e. x € R”. 

Then by using the fact that for 0 < 5 < t < T and each q., 

(see IHl Theorem 2.1]), Lemma l4~2l and Lemma 1431 we can conclude that for 0 < 5 < t < T, it 
holds 


(4.4) 


X(5, t, X{s, t, x)) - X{s,t, X{s, t, x)) = X, a.e.x e 


Lemma 4.7. Let X{s, t, x) be as in Lemma 14.21 and X(s, t, x) be given as in (IQ) . Under the 
assumptions of the Main Theorem, for 0 < s < t < T, the density functions - ■^{X{s, t)#dp) 

and Ks t = ■^{X{s,t)#dp) satisfy 


Ksfyx) = exp 


r 


-div^ b{r, X(r, t, x)) dr > a.e. x € R", 


and 




Ks,t{x) = exp < j div^ b{r, X{s, r, x)) dr > a.e. x € 


Proof. We only give the proof for Ksj since the proof of Ksj is the same. Notice that as we recalled 
in (13.11) . it holds for each ek that 


Ks.t.eM) = exp 


r 


-div^ b^fr, X^fr, t, x)) dr \, 


where X^fr, t, x) is as in (14.21) . By Lemma 1431 we see that for 0 < 5 < t < T, 

div^ b{s, Xf^fs, t, x)) div^ b{s, X(s, t, x)) 

in measure and a.e. x € R” up to a subsequence of {eu}. 

Since div^ b{r, (r, t, x)) and div^ b{r, X{r, t, x)) are uniformly integrable in L^ (ji), by the same 
argument in the proof of Lemma |43I we can further conclude that 

divp b^^{r, X^fr, t, x)) ^ div^ b{r,X{r, t, x)) 

in measure and a.e. x e R” up to a subsequence of {e;). 

From this together with the fact Ks^t.eftx) Ksjix) in L^'^ip) from Lemma l431 we can conclude 
that for 0 < 5 < t < r it holds 


KsAx) ^ exp 


f 


-div^ b{r, X(r, t, x)) dr > a.e. x € R” 


as desired. 
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Uniqueness of the flow will follow as a corollary of Theorem l2.2l 

Proposition 4.8. Under the assumptions of the Main Theorem, the flows X{s, t, x), X(s, t, x) satis¬ 
fying the properties from part (a) of the Main Theorem are unique. 

Proof Once more we only give the proof for X{s, t, x) since the proof of X{s, t, x) is the same. 
By the well-posedness of the transport equation (Theorem 12.21) . it suffices to show that for each 
Mo € C“(R”), u(s, x) := uo(X(s, t, x)) is a distributional solution to the transport equation 

d 

-;—u{s, x) -h b{s, x) ■ Vu{s, x) = 0 
OS 

on (0, t) X M." with the final value u(t) = uq. That is, for each ip € C°°((0, t] x R") with compact 
support in (0, t] x R", it holds 


-f'f 

Jo Jr" 


u(s, x) ^ ds dp{x) -F 

os 


I u{t, 

Jr" 


x) iff, x) dp{x) 


n \u{s,x)ipd.iyi^{b){s,x) -t- u{s, x)b{s, x) ■ V(/j dp{x)ds. 

„ L J 


From the fact 


Ksflx) = -—{X{s,t,x)#dp) ^ exp 
dp 


r- 


diVu b{r, X{r, t, x)) dr 


a.e. X e 


we know that for a.e. x € R" the density function Ksflx) is absolutely continuous on [0, t]. Using 
this, change of variables, integration by parts and the fact 


X(s,t,X(s,t,x)) = X(s,t,X{s,t,x)) = X, a.e.x € R”, 


we obtain that 


uo{X{s, t, x)) ^ dp ds 

os 


uo(y) 


d(p{s, z) 


l=X{s,t,y) 


Ks t(y) dp ds 


d(p{s,X{s,t,y)) 

ds 


- Vifis, X{s, t, y)) ■ bis, Xis, t, y)) 


Ks,t(y) dp ds 


r r f 

Jo Jr" os Jo Jr 

-ff 

Jo Jr" 

= I uo<p(t,-)dp- I I uo(y)ip(s,X(s,t,y))Ksj(y)div^b(s,X(s,t,y)) dpds 

Jr« Jo Jr" 

n uo(y)V<p(s, Xis, t, y)) ■ bis, Xis, t, y))K, tiy) dpds 

= I UQipit,-)dp - I I UQiXis,t,x))\ipis,x)dLiy^ibis,x)-\-Vipis,x)-bis,x)\ dpds. 

JR" Jo Jr" ^ ^ 

This implies uoiXis, t, x)) is a distributional solution to the transport equation, as desired. 


Proof of Main Theorem (a). The existence of a forward flow X and a backward flow X follows 
from Lemma 1431 Property (i) follows from (14.41) . The estimate of the density function follows 
from Lemma 1431 and Lemma 14771 The uniqueness follows from Proposition 14. 8 1 □ 
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5 Regularity, semigroup structure and stability 

In this section, we prove part (b) of the Main Theorem, and give a stability result. To do this, we 
start by stating the semigroup structure of our flow. 

Lemma 5.1. Let b be as in the Main Theorem, and let X and X be the forward and backward flows 
associated to b, respectively, that satisfy properties of part (a) of the Main Theorem. Then X and 
X have the semigroup property. 

Proof. Let 0 < 5 < t < T. By the proof of part (a) of the Main theorem from the last section, we 
know such X{s, t, x) can be approximated by X^fs, t, x). Notice that by the semigroup structure of 
we have for each 0<r<s<t<T and a.e. x e R", it holds 


X{r, t, x) = lim Xg^flr, t, x) = lim Xf;fs, t, X^fr, s, x)), a.e. x e R”. 


Therefore, to prove the semigroup structure, it suffices to show that 

\imXf:fs,t,Xf:fr,s,x)) = X{s,t,X{r, s, x)), a.e.xeM.'’. 


Write 



By Lemma |4^ we see that Xf,fls, t, •) converges to X(s, t, •) in measure. Let c > 0 be fixed. Then 
for each y > 0, there exists ky, such that for k > ky, it holds 


p ({x : \X^fls, t, x) - X{s, t, x)| > c)) < y. 


Let Ek^c = '■ lAejC.?, t, x) - X(s, t, x)| > c). Recall that by Lemmafor any measurable set E 

with sufficient small measure, it holds 



since div^Zj^j, has uniform bound in Exp^(j^). We then can conclude that 
p ({x : t, X^fr, s, x)) - X{s, t, X^fr, s, x))| > c)) = I XEtflX^fr, s, x)) dp 


Jw' 



which implies that 


lim p ({x : |Aej(5, t,X^fr, s, x)) - X{s, t,X^fr, s, x))| > c)) ^ 0. 
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On the other hand, using Lemma 1431 we see that t, s, x)) converges to X{s, t, X{r, s, x)) 
in measure. Therefore, we see that t, X^i^{r, s, x)) converges in measure to X(s, t, X{r, s, x)), 
up to a subsequence, we can conclude that 

X{s, t,X{r, s, x)) - lim X^^is, t,Xf^{r, s, x)), a.e. x € R”. 

k—^oo 

The same argument works for X, and the proof is completed. □ 

We are now in position to complete the proof of our Main Theorem. 


Proof of Main Theorem (b). We already know that a flow X associated to b satisfying properties 
of part (a) exists and is unique. Further, by Lemma [54] we also know it has semigroup structure. 
Thus, in order to prove that X is a regular flow it just remains to show that X(5, t, •)# dx <sc dx. For 
each if € C“(R"), we have 


r \\lj{X{s,t,x))\dx = f ( 27 r)"''^|(/^(X( 5 ,t,x))|exp|i^| r/yu(x) 
Jr" Jr" I 2 J 

r ro W/2| /r M ^ 1^(4 
= ( 27 r)"/^|(A(y)| exp 

Jr" 


dfi(y), 

where X(s, t,y) is the inverse map of X{s, t,y) as indicated in (14.41) . From the assumption 

1^1 


1 -F |X| l0g+ |X| 




we can see that { X{s, t,y) : y € supp if} is bounded in [ 5 , T] x R" . Therefore, 



|(A(2f(5, t, x))\ dx < C(b, s, t, if) 



\^f(y)\Ks,t(y) dy, 


and hence, X(s, t, •)# dx dx. Apparently, the above arguments apply to X and the same conclu¬ 
sion holds. The proof is completed. □ 


As a result of the techniques we have used throughout this work we get the following result 
about stability. 

Theorem 5.2. Let b, {bj^} e L‘(0, T ; satisfying 


\b{t, x)\ _ \bk{t, x)\ 

1 -F |x| log+ 1x1’ 1 -F |x| log+ |x| 


eLi(0,r;L“) 


and 


bk ^ b in Exp^(L). 


Assume that div^ b, div^ b^ are uniformly bounded in L'(0, T ; Exp^(j^|j)) and div^ bj^ converges 
to div^ b in L'(0, T ; {jj)). Let X{s, t, x), t, x)}, that satisfy properties from part (a) of the 

Main Theorem, be the forward (or backward) flows generated from b, {bk] respectively. Then 


lim I sup |A(5, t, x) - Xk{s, t, x)\ dp 0. 

Jr" f6[i,r] 


(5.1) 
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Proof. For each bounded function yS e C^(R, R), 1 < / < n, is the solution to 

the Cauchy problem of the transport equation associated to the vector field b^, with the final 
value /3 (a:')- By weak-* compacfness in L°°{s,T‘, L°°), we see fhaf fhere exisfs a subsequence 
converging fo a funcfion X, which is a solufion fo fhe Cauchy problem of fhe fransporf 

equation associated to the vector field b, wifh fhe inifial value By fhe uniqueness, we gef 

fhaf X = piXfs, t, x)). 

By fhe well-posedness and fhe renormalization properly of fhe fransporf equalion, we deduce 
fhaf, indeed, converges in measure fo P{X{s, t, x)). Following fhe same argumenf as in 

Lemma l4^ we see fhaf X^ converges in measure fo X(s, t, x). 

Observing Ihis, and fhe facf 


/ 

Jr" 


sup |A(5, t, x) - Xkis, t, x)\ dn 
■T 

\b{r, X{s, r, x)) - bk{r, Xk{s, r, x))\ dr dfj. 


‘LI 

‘If 


\b{r, X{s, r, x)) - b{r, Xk{s, r, x))\ dr djj. 

T 

\b{r, Xk{s, r, x)) - bkir, Xk{s, r, x))\ dr dp., 


we can follow fhe proof of Lemma lAtil fo conclude fhaf 


lim I sup |A(5, t, x) - Xk{s, t, x)\ dp 0. 

Jr" 


The proof is complefed. □ 

Remark 5.3. From fhe proofs of fhe paper and our previous paper ifTOl . if looks fhaf one can 
sfrengfhen fhe borderline condition on fhe divergence of vector fields b a bif more as 


divpfi € L 


/ 

/ 


0, T ; Exp^ 

L 

log L log log L . 

. log• • • logL 

V 

\ 

k )) 


in order fo gef well-posedness of fhe ODE. However, since fhis would require much more fedious 
calculafions, we will nof go fhrough if here. 

Remark 5.4. If will be inferesting fo know if one can adopl recenf developmenfs of regular La- 
grangian flows (cf. lU) and use fhe confinuify equalion ralher lhan fhe fransporf equalion, to 
improve fhe Main Iheorem. 


Acknowledgment 

We fhank fhe anonymous referee for fheir helpful comments and suggestions, which signifi¬ 
cantly contributed to improve the quality of this paper. Albert Clop, Joan Mateu and Joan Orobitg 







Non-SMOOTH flow 


23 


were partially supported by Generalitat de Catalunya (2014SGR75) and Ministerio de Economia y 
Competitividad (MTM2013-44699). Albert Clop was partially supported by the Programa Ramon 
y Cajal (Spain). Renjin Jiang was partially supported by National Natural Science Foundation of 
China (NSFC 11301029). All authors were partially supported by Marie Curie Initial Training 
Network MAnFT (FP7-607647). 

References 

[1] Ambrosio F., Transport equation and Cauchy problem for BV vector fields, Invent. Math. 
158 (2004), 227-260. 

[2] Ambrosio F., Transport equation and Cauchy problem for non-smooth vector fields. Calcu¬ 
lus of variations and nonlinear parfial differential equations, 1-41, Fecture Notes in Math., 
1927, Springer, Berlin, 2008. 

[3] Ambrosio F., Colombo M., Figalli A., Existence and uniqueness of maximal regular flows 
for non-smooth vector fields. Arch. Ration. Mech. Anal. 218 (2015), 1043-1081. 

[4] Ambrosio F., Crippa G., Continuity equations and ODE flows with non-smooth velocity, 
Proc. Roy. Soc. Edinburgh Sect. A 144 (2014), 1191-1244. 

[5] Ambrosio F., Crippa G., Figalli A., Spinolo F.V., Some new well-posedness results for 
continuity and transport equations, and applications to the chromatography system, SIAM 
J. Math. Anal. 41 (2009), 1890-1920. 

[6] Ambrosio F., Figalli A., On flows associated to Sobolev vector fields in Wiener spaces: an 
approach a la DiPerna-Fions, J. Funct. Anal. 256 (2009), 179-214. 

[7] Bouchut F, Crippa G., Fagrangian flows for vector fields with gradient given by a singular 
integral, J. Hyperbolic Differ. Equ. 10 (2013), 235-282. 

[8] Bogachev V., Gaussian measures. Mathematical Surveys and Monographs, 62. American 
Mathematical Society, Providence, RI, 1998. 

[9] Cipriano F, Cruzeiro A.B., Flows associated with irregular R^^-vector fields, J. Differenlial 
Equations 219 (2005), 183-201. 

[10] Clop A., Jiang R., Mateu J., Orobitg J., Finear transport equation for vector fields with 
subexponentially integrable divergece, to appear in Calc. Var. Partial Differential Equations 
(arXiv: 1502.05303). 

[11] Colombini F, Crippa G., Rauch J., A note on two-dimensional transport with bounded 
divergence. Comm. Partial Differential Equations 31 (2006), 1109-1115. 

[12] Colombini F, Ferner N., Uniqueness of continuous solutions for BV vector fields, Duke 
Mafh. J. Ill (2002), 357-384. 

[13] Crippa G., The flow associated to weakly differentiable vector fields. Tesi. Scuola Nor- 
male Superiore di Pisa (Nuova Series) [Theses of Scuola Normale Superiore di Pisa (New 
Series)], 12. Edizioni della Normale, Pisa, 2009. xvi-1-167 pp. 

[14] Crippa G., De Fellis C., Estimates and regularity results for the DiPema-Fions flow, J. 
Reine Angew. Math. 616 (2008), 15-46. 

[15] Cruzeiro A.B., Equations differentielles ordinaires: non explosion et mesures quasi- 
invariantes, J. Funct. Anal. 54 (1983), 193-205. 

[16] Desjardins B., A few remarks on ordinary differential equations. Comm. Partial Diff. Eq. 
21 (1996), 1667-1703. 


24 


A. Clop, R. Jiang, J. Mateu and J. Orobitg 


[17] DiPerna RJ., Lions P.L., Ordinary differential equations, transport theory and Sobolev 
spaces. Invent. Math. 98 (1989), 511-547. 

[18] Hale J.K., Ordinary differential equations. Second edition. Robert E. Kiieger Publishing 
Co., Inc., Huntington, N.Y., 1980. 

[19] Rao M., Ren Z., Theory of Orlicz spaces, Dekker, New York, 1991. 

Albert Clop, Joan Mateu and Joan Orobitg 
Departament de Matematiques, Facultat de Ciencies, 

Universitat Autonoma de Barcelona 
08193 Bellaterra (Barcelona), CATALONIA. 

Renjin Jiang 

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and 
Complex Systems, Ministry of Education, 100875, Beijing, CHINA 
and 

Departament de Matematiques, Facultat de Ciencies, 

Universitat Autonoma de Barcelona 
08193 Bellaterra (Barcelona), CATALONIA. 

E-mail addresses'. 
albertcp@mat.uab.cat 
rejiang©bnu.edu.cn 
mateuOmat.uab.cat 
orobitg@mat.uab.cat 


